Introduction {#Sec1}
============

Any electromagnetic surface wave is guided by the planar interface of two dissimilar partnering materials^[@CR1],[@CR2]^. The characteristics of a surface wave are determined by the constitutive properties of the two partnering materials. If the constitutive properties of both partnering materials are independent of direction (i.e., if both partnering materials are isotropic), then the properties of the surface waves will also be independent of the propagation direction; on the other hand, if the constitutive properties of at least one of the partnering materials depend on direction (i.e., if at least one of the partnering materials is anisotropic), then the properties of the surface waves will also depend on the propagation direction. For example, surface-plasmon-polariton waves are guided by the planar interface of a plasmonic material and a dielectric material (such as air or quartz)^[@CR3],[@CR4]^, the real part of the permittivity dyadic of the plasmonic material being negative definite and the real part of the permittivity dyadic of the dielectric material being positive definite^[@CR5]^. Likewise, Dyakonov surface waves are guided by the planar interface of two dielectric materials with at least one being anisotropic^[@CR6]--[@CR9]^. Unlike for surface-plasmon-polariton waves, dissipation in both partnering materials for Dyakonov surface waves can be negligibly small, which makes these surface waves attractive candidates for applications involving long-range optical communications.

In addition to Dyakonov surface waves, it was recently discovered that the planar interface of a uniaxial dielectric material and an isotropic dielectric material can guide the propagation of Dyakonov--Voigt surface waves^[@CR10],[@CR11]^. As compared to conventional surface waves such as surface-plasmon-polariton waves and Dyakonov surface waves, Dyakonov--Voigt surface waves have quite different localization characteristics. That is, the fields of conventional surface waves decay exponentially with distance from the interface whereas the decay of fields of a Dyakonov--Voigt surface wave is specified by the product of an exponential function and a linear function of distance from the interface in the anisotropic partnering material. Furthermore, for the planar interface of a uniaxial dielectric material and an isotropic dielectric material, Dyakonov--Voigt surface waves propagate in only one direction for each quadrant of the interface plane; in contrast, conventional surface waves such as surface-plasmon-polariton waves and Dyakonov surface waves propagate in a continuous range of directions in the interface plane. Dyakonov--Voigt surface waves arise as manifestations of exceptional points^[@CR12]^ of a $\documentclass[12pt]{minimal}
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                \begin{document}$$4\times 4$$\end{document}$ matrix that governs propagation in the anisotropic partnering material^[@CR13]^, that matrix being non-diagonalizable at these exceptional points.

Dyakonov--Voigt surface waves have some similarities to Voigt plane waves that propagate in certain directions in certain unbounded anisotropic^[@CR14],[@CR15]^ and bianisotropic^[@CR16],[@CR17]^ materials. Notably, Voigt waves arise as manifestations of exceptional points of a propagation matrix, when the matrix is non-diagonalizable^[@CR18]^. And the fields of Voigt waves decay as the product of a linear function and an exponential function of propagation distance. However, the material supporting Voigt-wave propagation must be dissipative^[@CR19]--[@CR21]^ (or active^[@CR22]^), unlike the case for Dyakonov--Voigt surface waves.

In the following sections, Dyakonov--Voigt surface-wave propagation is explored for the planar interface of a biaxial dielectric material, labeled $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{A}$$\end{document}$, and an isotropic dielectric material, labeled $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{B}$$\end{document}$. Both partnering materials $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{A}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{B}$$\end{document}$ are homogeneous and nondissipative. Dyakonov surface waves for interfaces involving biaxial materials have been studied previously^[@CR23]--[@CR25]^ but Dyakonov--Voigt surface waves have not. Our analysis reveals that one or two Dyakonov--Voigt surface waves can be guided for each quadrant of the interface plane, depending upon the birefringence of partnering material $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{A}$$\end{document}$. The manifestation of *two* Dyakonov--Voigt surface waves (rather than just *one*^[@CR13]^) marks a fundamental departure from the case involving the planar interface of a uniaxial dielectric material and an isotropic dielectric material^[@CR10],[@CR11]^.

As regards the notation adopted, the permittivity and permeability of free space are written as $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _{\scriptscriptstyle 0}$$\end{document}$, respectively. The free-space wavenumber, wavelength, and impedance are written as $\documentclass[12pt]{minimal}
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                \begin{document}$$k_{\scriptscriptstyle 0}= \omega \sqrt{\varepsilon _{\scriptscriptstyle 0}\mu _{\scriptscriptstyle 0}}$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _{\scriptscriptstyle 0}= \sqrt{\mu _{\scriptscriptstyle 0}/\varepsilon _{\scriptscriptstyle 0}}$$\end{document}$, respectively, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega$$\end{document}$ being the angular frequency. Single underlining signifies a 3-vector and $\documentclass[12pt]{minimal}
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                \begin{document}$$\left\{ \hat{\underline{u}}_x, \hat{\underline{u}}_y, \hat{\underline{u}}_z\right\}$$\end{document}$ is the triad of unit vectors aligned with the Cartesian axes. Matrixes and column vectors are enclosed by square brackets. The superscript $\documentclass[12pt]{minimal}
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                \begin{document}$${}^T$$\end{document}$ denotes the transpose. The operators $\documentclass[12pt]{minimal}
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                \begin{document}$$\text{ Im } \left\{ {{^\cdot }}\right\}$$\end{document}$ deliver the real and imaginary parts, respectively, of complex-valued quantities; the complex conjugate is denoted by an asterisk; and dependence on time *t* is achieved implicitly through $\documentclass[12pt]{minimal}
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                \begin{document}$$i = \sqrt{-1}$$\end{document}$.

Canonical boundary-value problem {#Sec2}
================================
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                \begin{document}$$4\times 4$$\end{document}$ matrix ordinary-differential-equation formalism {#Sec3}
------------------------------------------------------------------------------------------------------------

In the canonical boundary-value problem for Dyakonov--Voigt (and Dyakonov) surface-wave propagation, material $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{B}$$\end{document}$ the half-space $\documentclass[12pt]{minimal}
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                \begin{document}$$z<0$$\end{document}$, as illustrated schematically in Fig. [1](#Fig1){ref-type="fig"}.Figure 1A schematic illustration of the canonical boundary-value problem for Dyakonov--Voigt (and Dyakonov) surface waves that propagate parallel to the interface plane $\documentclass[12pt]{minimal}
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                \begin{document}$$z=0$$\end{document}$ at the angle $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi$$\end{document}$ relative to the *x* axis.

Dissipation is assumed to be negligibly small in both materials. Material $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{A}$$\end{document}$ is a biaxial dielectric material specified by the relative permittivity dyadic^[@CR26],[@CR27]^$$\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon _{\mathcal{A}c}$$\end{document}$ being the principal relative permittivity scalars. Material $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{A}$$\end{document}$ belongs to the orthorhombic crystallographic class^[@CR28]^. In the arena of crystal optics^[@CR29]^, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon _{\mathcal{A}b}>1$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon _{\mathcal{A}c}>1$$\end{document}$. The birefringence of material $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{A}$$\end{document}$ is the excess of the square root of the largest principal relative permittivity scalar over the square root of the smallest principal relative permittivity scalar^[@CR25]^. We take material $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{B}$$\end{document}$ as an isotropic dielectric material specified by the relative permittivity $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon _{\mathcal{B}}>1$$\end{document}$.

The electromagnetic field phasors for surface-wave propagation are expressed everywhere as^[@CR2]^$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left. \begin{array}{l} \underline{E} (\underline{r})= \left[ e_x(z)\hat{\underline{u}}_x+ e_y(z)\hat{\underline{u}}_y+e_z(z)\hat{\underline{u}}_z\right] \, \exp \left[ i q \left( x \cos \psi + y \sin \psi \right) \right] \\ \underline{H} (\underline{r})= \left[ h_x(z)\hat{\underline{u}}_x+ h_y(z)\hat{\underline{u}}_y+h_z(z)\hat{\underline{u}}_z\right] \, \exp \left[ i q \left( x \cos \psi + y \sin \psi \right) \right] \end{array}\right\} , \,\,\, -\infty< z < + \infty , \end{aligned}$$\end{document}$$with *q* being the surface wavenumber. The direction of propagation in the *xy* plane, relative to the *x* axis, is prescribed by the angle $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi \in \left[ 0,2\pi \right)$$\end{document}$. Substitution of the phasor representations ([2](#Equ2){ref-type=""}) in the source-free Maxwell curl equations yields the $\documentclass[12pt]{minimal}
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                \begin{document}$$4\times 4$$\end{document}$ matrix ordinary differential equations^[@CR30],[@CR31]^$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{d}{dz}[\underline{f}(z)]= \left\{ \begin{array}{l} i [\underline{\underline{P}}_{\mathcal{A}}]{{^\cdot }}[\underline{f}(z)], \qquad z>0 \\ i [\underline{\underline{P}}_{\mathcal{B}}]{{^\cdot }}[\underline{f}(z)], \qquad z<0 \end{array} , \right. \end{aligned}$$\end{document}$$wherein the column 4-vector$$\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon _{\mathcal{B}}$$\end{document}$, respectively. The *x*-directed and *y*-directed components of the phasors are algebraically connected to their *z*-directed components^[@CR27],[@CR31]^.
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                \begin{document}$$\begin{aligned}{}[\underline{\underline{P}}_{\mathcal{A}}]= \left[ \begin{array}{cccc} 0&{}0&{} \displaystyle {\frac{\tau }{ \omega \varepsilon _{\scriptscriptstyle 0}\varepsilon _{\mathcal{A}a}}} &{} \displaystyle { \frac{k_{\scriptscriptstyle 0}^2 \varepsilon _{\mathcal{A}a}- \nu _c}{\omega \varepsilon _{\scriptscriptstyle 0}\varepsilon _{\mathcal{A}a}} } \\ 0&{}0&{} \displaystyle {\frac{\nu _s -k_{\scriptscriptstyle 0}^2 \varepsilon _{\mathcal{A}a}}{\omega \varepsilon _{\scriptscriptstyle 0}\varepsilon _{\mathcal{A}a}}}&{} \displaystyle {- \frac{\tau }{ \omega \varepsilon _{\scriptscriptstyle 0}\varepsilon _{\mathcal{A}a}}} \\ \displaystyle {-\frac{\tau }{\omega \mu _{\scriptscriptstyle 0}}} &{} \displaystyle {\frac{\nu _c -k_{\scriptscriptstyle 0}^2 \varepsilon _{\mathcal{A}c}}{\omega \mu _{\scriptscriptstyle 0}}} &{}0&{}0 \\ \displaystyle {\frac{k_{\scriptscriptstyle 0}^2 \varepsilon _{\mathcal{A}b}- \nu _s }{\omega \mu _{\scriptscriptstyle 0}}} &{} \displaystyle {\frac{\tau }{\omega \mu _{\scriptscriptstyle 0}}}&{}0&{}0 \end{array} \right] , \end{aligned}$$\end{document}$$contains the scalar quantities$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left. \begin{array}{l} \nu _c = q^2 \cos ^2 \psi \\ \nu _s = q^2 \sin ^2 \psi \\ \tau = q^2 \cos \psi \sin \psi \end{array} \right\} \end{aligned}$$\end{document}$$that depend on the propagation characteristics of the surface wave. The *z*-directed components of the field phasors can be determined as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left. \begin{array}{l} e_z(z) = \displaystyle {-\,\frac{q \left[ h_ y(z) \cos \psi - h_ x(z) \sin \psi \right] }{\omega \varepsilon _{\scriptscriptstyle 0}\varepsilon _{\mathcal{A}a}}}\\ h_ z(z) = \displaystyle {\frac{q \left[ e_ y(z) \cos \psi - e_ x(z) \sin \psi \right] }{\omega \mu _{\scriptscriptstyle 0}}} \end{array} \right\} ,\qquad z > 0. \end{aligned}$$\end{document}$$

### Dyakonov surface wave {#Sec5}
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                \begin{document}$$\pm \alpha _{\mathcal{A}2}$$\end{document}$. The two with positive imaginary parts are$$\documentclass[12pt]{minimal}
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                \begin{document}$$[\underline{\underline{P}}_{\mathcal{A}}]$$\end{document}$ corresponding to the eigenvalues $\documentclass[12pt]{minimal}
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### Dyakonov--Voigt surface wave {#Sec6}
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Numerical studies {#Sec9}
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A solitary point on each curve in Fig. [2](#Fig2){ref-type="fig"}, denoted by a black star, indicates the existence of a Dyakonov--Voigt surface wave with surface wavenumber $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q = q^-$$\end{document}$. The alternative value of *q*, namely $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q = q^+$$\end{document}$, does not deliver a surface wave. Each Dyakonov--Voigt surface wave corresponds to an exceptional point of the matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\underline{\underline{P}}_{\mathcal{A}}]$$\end{document}$. For each mineral, the propagation angle for each Dyakonov--Voigt surface wave gets closer to the lower bound of the angular existence domain for Dyakonov surface waves as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon _{\mathcal{B}}$$\end{document}$ increases.
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Generally, the spatial field profiles for the other eight Dyakonov--Voigt surface waves identified in Fig. [2](#Fig2){ref-type="fig"} are similar to those presented in Fig. [4](#Fig4){ref-type="fig"}. Examination of those field profiles revealed the following trend: if the propagation angle of the Dyakonov--Voigt surface wave is closer to the upper bound of the angular existence domain of Dyakonov surface waves then the Dyakonov--Voigt surface wave is less tightly bound in the half-space $\documentclass[12pt]{minimal}
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Now we turn to scenarios in which material $\documentclass[12pt]{minimal}
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Closing remarks {#Sec12}
===============

Our theoretical and numerical investigations have revealed that the planar interface of an orthorhombic dielectric material and an isotropic dielectric material can guide two Dyakonov--Voigt surface waves in each quadrant of the interface plane, provided that the birefringence of the orthorhombic partnering material is sufficiently large. The two Dyakonov--Voigt surface waves propagate at different phase speeds, in different directions, and with different penetration depths. Also, the Dyakonov--Voigt surface wave with the lower relative phase speed is much more tightly bound to the interface in the isotropic dielectric partnering material. In contrast, the planar interface of a uniaxial dielectric material and an isotropic dielectric material can guide only one Dyakonov--Voigt surface wave in each quadrant of the interface plane.

The canonical boundary-value problem investigated herein has yielded insights into the fundamental characteristics of Dyakonov--Voigt surface-wave propagation. Issues concerning the excitation of these exceptional surface waves in experimental configurations, such as the prism-coupled configuration^[@CR2]^, shall be pursued in future studies. The numerical results presented in "[Naturally occurring material $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{A}$$\end{document}$](#Sec10){ref-type="sec"}" are based on naturally occurring partnering materials while the numerical results in "[Engineered material $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{A}$$\end{document}$](#Sec11){ref-type="sec"}" are based on realistic engineered partnering materials. Accordingly, in principle, the theoretical analysis presented in "[Canonical boundary-value problem](#Sec2){ref-type="sec"}" and numerical results presented in "[Numerical studies](#Sec9){ref-type="sec"}" may be readily confirmed by experimental means.

Lastly, let us emphasize that the coexistence of two Dyakonov--Voigt surface waves guided by the planar interface of a biaxial dielectric material and an isotropic dielectric material is wholly independent of the coexistence of two different plane waves, both extraordinary^[@CR26]^ and with different phase speeds, that can propagate inside a biaxial dielectric material^[@CR26],[@CR27]^. Plane waves that propagate in the bulk of a homogeneous material are entirely different from surface waves guided by the planar interface of two dissimilar homogeneous materials.
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